We have measured the startup and steady extensional viscosity of two narrow molar mass distributed (NMMD) polystyrenes, a 910 kg/mole and a 545 kg/mole, diluted in a NMMD 4.29 kg/mole styrene oligomer, with a wide concentration range from 90 down to 17%. The constant interchain pressure model, proposed by Rasmussen and Huang (Rheol Acta 53(3):199-208 (2014a)), predicts the extensional viscosity well for the dilutions with lower concentrations. However, for the 70 and 90% 545 kg/mole samples which represent the transition between the diluted and undiluted states, the model predictions are less satisfactory. Another concept based on interchain pressure, proposed by Wagner (Rheol Acta 53(10):765-777 (2014)), also shows agreement with the measured data.
Introduction
In recent years, experiments on extensional viscosity of oligomer-diluted narrow molar mass distributed (NMMD) polystyrene (Huang et al. 2013a (Huang et al. , b, 2015 and poly methyl methacrylate polymers (Wingstrand et al. 2015) have been reported. The oligomers used were all below the entanglement molecular weight, differentiating these blends from bidisperse blends in general. The oligomers, short enough to be in a random configuration in the rubbery state, were expected to be the most ideal solvents.
These studies were conducted to bridge the gap between the extensional flow measurements on NMMD polystyrene solutions (Bhattacharjee et al. 2002) and polystyrene melts (Bach et al. 2003b ). The latter studies by Bhattacharjee et al. (2002) and Bach et al. (2003b) showed the lack of universality with entanglement numbers in the flow dynamics of entangled polymer systems. The original work by Huang et al. (2013a) , with systems containing the same entanglement number, also showed that the extensional viscosity of oligomer-diluted polystyrene systems differed from other polystyrene solutions as long as the oligomer length was at least two Kuhn steps (Rasmussen and Huang 2014b) . As expected, it differed from the extensional viscosity of undiluted melts as well. Solutions, included the one with short oligomer diluents, show the highest degree of strain hardening in extension, melt the lowest one, and blends with long oligomers were in between (Rasmussen and Huang 2014b) . The studies in Huang et al. (2013a, b) and Wingstrand et al. (2015) were in a relatively narrow region of concentration (45-70%). The most recent study by Huang et al. (2015) expanded the measurements on oligomer-diluted NMMD polystyrenes with lower concentrations from 52 down to 13%.
Keeping the above efforts in mind, the first measurements of the extensional viscosity on NMMD polymer systems were actually published in the mid-1970s by Vinogradov and co-workers (Vinogradov et al. 1975 ) who measured the startup of extensional stress of NMMD polyisoprenes. However, the strain values that they reached were about 2, limiting the theoretical importance of their work. NMMD Polystyrenes are the best characterized polymer melts in extensional flow, but are not the only ones. As mentioned previously, Vinogradov and co-workers (Vinogradov et al. 1975 ) measured NMMD polyisoprene in extensional flow in the 1970s. In the recent years, papers presenting measurements of extensional viscosity of NMMD polyisoprenes at high strain values have been published (Nielsen et al. 2009; Liu et al. 2013; Sridhar et al. 2014b ). Further, Sridhar et al. (2014b) characterized a NMMD poly(n-butyl acrylate) in extension and most recently Morelly et al. (2016) presented poly(methyl methacrylate) and poly(tertbutylstyrene) extensional measurements.
Looking at the constitutive models intended to capture the fluid mechanics of entangled monodisperse polymer systems in general, two recent ideas have appeared, concerning interchain pressure (Wagner 2014 ) and monomeric friction (Yaoita et al. 2012; Ianniruberto et al. 2012) , respectively. In the models concerning monomeric friction reduction, the changeable functions (Masubuchi et al. 2014 ) and parameters (Ianniruberto 2015; Park and Ianniruberto 2017 ) seem adequate to model the flow of all monodisperse polymer systems (Sridhar et al. 2014a ). Here, we use the concept of interchain pressure to study monodisperse polymer systems with a wide concentration range from 90 down to 17%, and look at the transition between the diluted and undiluted states.
Materials and characterization

Materials
In this work, we investigate the extensional viscosity of two NMMD polystyrenes at different concentrations. A 545 kg/mole polystyrene was diluted in a styrene oligomer with weight fraction of the polymer from 90 down to 28%, and another 910 kg/mole polystyrene was diluted to 17%.
The two polystyrenes used here are the same ones as used in Huang et al. (2013a) and Huang et al. (2015) . They have weight-based average molecular weight, M w , of 545 kg/mole (PS545k) (Huang et al. 2013a ) and 910 kg/mole (PS910k) with polydispersity index, PDI = M w /M n , of 1.12 and 1.16, respectively. M n is the mole-based average molecular weight. The styrene oligomer is the same one as used in Huang et al. (2015) with M w = 4.29 kg/mole and PDI = 1.04.
All the samples were prepared using the procedure described by Huang et al. (2013a) where the concentrations were verified by the peak areas of the bimodal curve in size exclusion chromatography. The styrene oligomer diluent is considerable shorter than the entanglement molecular weight of polystyrene but contains 7 Kuhn steps. The weight fraction of the polystyrenes in the oligomer dilution, θ , for the four prepared samples is listed in Table 1 . Glass transition temperature T g was measured by the differential scanning calorimetry (DSC) and the values are listed in Table 1 as well. Another three samples from literature are also listed in the table for the purpose of comparison.
Mechanical spectroscopy
The mechanical spectroscopy data were obtained from small-amplitude oscillatory shear flow measurements using the ARES-G2 rheometer from TA Instruments. An 8-mm plate-plate geometry was applied with the samples staying under nitrogen. All the measurements were timetemperature superpositioned to 130 • C.
To quantify the linear viscoelastic measurements, the BSW (Baumgaertel and Winter 1992; Baumgaertel et al. 1990 ) formulation is used here for the memory function. It is given as follows:
where h(x) is the Heaviside step function, G 0 N is the plateau modulus, τ max is the maximal relaxation time and τ c is the largest relaxation time of the glassy modes. As in Rasmussen and Huang (2014a) , the values of n e = 0.2 and n g = 0.7 are kept constant for the polystyrene samples. Further, the plateau modulus scales theoretical ideal as G 0 N,θ = θ 2 × 250 × T /(403.15 K) kPa (Rasmussen and Huang 2014a) , referred to 130 • C as the reference temperature for the polystyrene samples. Notice this leaves τ max and τ c as the fitting parameters.
Some of the needed BSW parameters have been determined previously (Rasmussen and Huang 2014a) where the remaining values are calculated by fitting the mechanical spectroscopic data to the BSW model using the method from Rasmussen et al. (2000) . The mechanical spectroscopic measurements with the corresponding BSW fittings are shown in Figs. 1 and 2 . The actual values of the parameters can be found in Table 1 . For later use, the zero shear viscosity, η 0 , is calculated as follows:
based on the BSW parameters. The parameters for PS545k and θ = 0.525 PS545k are taken from Rasmussen and Huang (2014a) , and those for θ = 0.33 PS910k are taken from Rasmussen and Huang (2017) . The parameters for the rest of the samples are obtained by fitting the relevant parameters from mechanical spectroscopical measurements, as shown in Figs. 1 and 2, to the BSW model (2) using the method from Rasmussen et al. (2000) . The values of n e = 0.2 and n g = 0.7 are used for all the samples. θ is the weight fraction of the long polymer chain in the dilution. The diluent is the 4.29 kg/mole styrene oligomer. The values of M e,θ = 13.3/θ kg/mole have been used for the polystyrene samples
Extensional measurements
The extensional measurements were performed using a filament stretching rheometer (FSR) as in Bach et al. (2003b) and Bach et al. (2003a) . More details of the FSR can be found in Marin et al. (2013) . Experimentally, the polystyrene samples were moulded into cylindrical shaped samples with an initial diameter of D i and an initial length of L i . D(t) is the central diameter of the sample during extension at time t. In the FSR, the samples are commonly pre-stretched, with a rate considerably slower than the inverse largest relaxation time, to a central diameter of D 0 . The extensional strain, known as the Hencky strain, is 
where the extensional stress is the difference between the axial, σ zz , and radial, σ rr , component of the stress tensor, σ .
A constant extensional rate,˙ 0 , is ensured during extension. The extensional rate is defined as˙ = d /dt. Before the initiation of the stretch (at t = 0), the material is stress-free and at rest. At small values of the Hencky strain, pre-strain (2 ln (D i /D 0 )) and aspect ratio (A i = 2L i /D i ), a shear contribution may add to the measured extensional force. Using the correction formula from Rasmussen et al. (2010) 
the initial extensional stress deviates less than 3% from the theoretically correct one. In Eq. 5 m f is the weight of the sample and g is the gravitational acceleration (Szabo 1997) .
Notice that the assumption of uniform extension in the radial direction at the centre of the sample has been estimated to be correct within a few percent (Nielsen et al. 2008) .
Interchain pressure models
For monodisperse polymer melts, Marrucci and Ianniruberto (2004) introduced the idea that the tube deformation was controlled by an increase in the thermal interchain pressure (Doi and Edwards 1986) with the stretch of polymers. It accurately describes the shear and extensional flows of NMMD polystyrene melts.
Dynamic tube dilation
Wagner (2014) extended the interchain pressure model to entangled polymer solutions in general. The transition from melts to solutions is explained by the dynamic tube dilation idea and quantitatively controlled by the lowering of the glass transition temperatures in the solutions relative to the pure melts. The interchain pressure controls the increase in the lateral spring force. This force is based on a Rouse formulation. The evolution of the stretch, f , evaluated on a particle path at the present time, t, relative to the past time, t , is
where τ R is the Rouse time. The initial value of the stretch evolution f (t , t ) = 1. The components of the displacement gradient tensor E are E ij (x, t, t ) = (∂x i ∂x j ), i = 1, 2, 3 and j = 1, 2, 3 in Cartesian coordinates. (x 1 , x 2 , x 3 ) are the coordinates of a particle in the reference state at time t . These coordinates are displaced by the coordinates (x 1 , x 2 , x 3 ) in the present state at time t. All the angular brackets represent an average, here on a unit sphere, defined as . . . = 1/(4π) |u|=1 . . . du. u is a unit vector. Analytical solutions on all formulas involving unit sphere integrals can be found in Urakawa et al. (1995) . a T g accounts for the change in the time-temperature shift factors due to the different glass transition temperatures of solutions and melts. Particularly for NMMD polystyrene systems, Wagner (2014) defined a T g as
based on the WLF equation (Williams et al. 1955) . T g = T gm − T gs where T gm and T gs are the glass transition temperatures of the polystyrene melt and solution, respectively. For the polystyrene systems, c 0 1 = 8.99 and c 0 2 = 81.53 K, with a reference temperature in the WLF equation of T 0 = 130 • C. It is important to notice that in the present study the involved a T g values are based on the direct measurements of glass transition temperatures of the involved systems. The dependency of the glass transition temperatures on the concentration of the polystyrene solutions is shown in Fig. 3 .
The Rouse time τ R in Wagner (2014) is calculated as
(8) (Osaki et al. 1982; Menezes and Graessley 1982; Takahashi et al. 1993; Isaki et al. 2003) with M cm =35 kg/mol. M is the molar mass of the long polymer and R is the gas constant. The density of the polystyrenes that we used here is ρ =1.01 g/cm 3 at the temperature of T =130 • C. To calculate the involved stresses, the stretch evolution in Eq. 6 is incorporated into the molecular stress function (MSF) constitutive framework (Wagner et al. 2005) . In the MSF Fig. 3 Glass transition temperatures of polystyrene diluted in 4.29 kg/mole styrene oligomer as a function of the weight fraction, θ , of the long polymer in the oligomer. The crosses (×) are all dilutions with the 545 kg/mole NMMD polystyrene as the large polymer, whereas the diamond ( ) is the 910-kg/mole NMMD polystyrene dilution from Huang et al. (2015) and the circle (•) the 1760-kg/mole NMMD polystyrene dilution from Huang et al. (2015) approach, the components of the stress tensor, σ ij , are calculated as
M(t − t ) is the memory function, where the BSW formulation (1) is applied here. The a T g values in Eq. 6 are well defined as they are based on the direct measured glass transition temperatures. The Rouse time is essential to the outcome of any modelling, and it has been defined in numerous ways (Menezes and Graessley 1982; Osaki et al. 2000; Osaki et al. 2001; Likhtman and McLeish 2002; Larson et al. 2003) . Particularly for the NMMD polystyrenes, Rasmussen and Huang (2014a) used a direct approach, calculating the Rouse time by the direct fitting to the measured extensional viscosity of the melts. The fittings were based on the original formulation (Wagner et al. 2005 ) of Eq. 6 for monodisperse polystyrene melts. Rasmussen and Huang (2014a) found the dependency of the Rouse time as
where Z = M/M e is the number of entanglements and M e =13.3 kg/mole is the entanglement molecular weight for NMMD polystyrene melts. For the oligomer dilutions, a linear change with the concentration is expected for the number of entanglements, Z = M/M e,θ , where the entanglement molecular weight of the long polymer in the dilution is M e,θ = M e /θ . In all the following referred figures, the calculations from Wagner model (6) has been included. The dashed-dotted (-· -· -) lines are the calculations based on the Rouse time from Eq. 8. The solid lines (--) are the calculations based on the Rouse time from Eq. 10. The effect of adjusting the Rouse time is the change in the onset of the strain hardening of the time-dependent elongational viscosities. This defines the Rouse time into the nonlinear viscoelastic region.
The model in Eq. 6 is not identical to the original model from Wagner et al. (2005) . The latter one was used by Rasmussen and Huang (2014a) to obtain the formula for the Rouse time in Eq. 10. Therefore, we show the calculated startup of extensional viscosity for the 545-kg/mole NMMD polystyrene melt based on Eq. 6 as a function of time in Fig. 4 , using both of the Rouse times. The measured extensional viscosity for the 545-kg/mole NMMD melt in the figure is taken from Huang et al. (2013a) . Both Rouse times give a good prediction of the corresponding measured viscosity as expected.
To look at the transition from the melt state, we have prepared an oligomer dilution containing 90% 545 kg/mole NMMD polystyrene and the measured startup of extensional viscosity is shown in Fig. 5 . Due to the lowering of the Fig. 4 The startup of extensional viscosity,η + , as a function of time at 130 • C. The symbols are the measurements of a 545-kg/mole NMMD polystyrene melt. These data originates from Huang et al. (2013a) . The dashed-dotted (-· -· -) and solid lines (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eqs. 8 and 10, respectively. The dashed lines (---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2 entanglement number upon dilution, the deviation between the dashed-dotted and solid lines, corresponding to the two different definitions of the Rouse time, has increased. However, a fine agreement with the measurements is still observed. This is also the case of the extensional viscosity of a more diluted sample containing 70% 545 kg/mole NMMD (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eqs. 8 and 10, respectively. The dashed lines (---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2 (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eqs. 8 and 10, respectively. The dashed lines (---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2 polystyrene. The measurements and the corresponding calculations are shown in Fig. 6 .
We have attached the extensional measurements of the 52.5% 545-kg/mole NMMD polystyrene data from Huang et al. (2013a) in Fig. 7 . The predicted extensional viscosity, Fig. 7 The startup of extensional viscosity,η + , as a function of time at 130 • C. The symbols are the measurements of a 52.5%(θ = 0.525) 545 kg/mole NMMD polystyrene diluted in the 4.29 kg/mole oligomer. These data originates from Huang et al. (2013a) , measured at 129 • C, here time-temperature superposition shifted to 130 • C. The dasheddotted (-· -· -) and solid lines (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eq. 8 and (10), respectively. The dashed lines (---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2 using the Rouse time in Eq. 8 which is the original one used by Wagner (2014) , in some cases is 50% below the measurements. In comparison, the prediction using the empirically based Rouse time in Eq. 10 still shows good agreement. Notice that in Wagner (2014) the same calculations represented by the dashed-dotted lines were reported. The present calculations are within about 10% deviation of those calculations. This small variation is an result of the difference in the used a T g values. In our calculation, the a T g values are based on the measured glass transition temperatures of the 545 kg/mole samples, as shown in Fig. 3 . The difference between the calculated viscosity based on the two Rouse times is enlarged with decreasing the concentration of the 545 kg/mole polystyrene. In Fig. 8 , the extensional viscosity of the 28% 545-kg/mole solution is shown. Here, only the calculated viscosity using the Rouse time in Eq. 10 gives good agreement with the measured data.
In Fig. 9 we attach the extensional viscosity of the 33% 910-kg/mole NMMD polystyrene dilution measured by Huang et al. (2015) . This sample has almost the same number of entanglements as the 52.5% 545 kg/mole sample. We have here prepared a 17% 910-kg/mole NMMD polystyrene dilution containing almost the same number of entanglement number as the 28% 545-kg/mole dilution. The extensional measurements of the 17% 910-kg/mole dilution are shown in Fig. 10 . As observed in the 28% 545-kg/mole dilution, only calculations based on the direct fitted Rouse time using Eq. 10 give good agreement with the measured data in Figs. 9 and 10. This is especially the case for the most diluted samples where the the calculated extensional (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eqs. 8 and 10, respectively. The dashed lines (---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2 Fig. 9 The startup of extensional viscosity,η + , as a function of time at 130 • C. The symbols are the measurements of a 33%(θ = 0.33) 910 kg/mole NMMD polystyrene diluted in the 4.29 kg/mole oligomer. These data originates from Huang et al. (2015) . The dashed-dotted (-· -· -) and solid lines (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eq. 8 and (10), respectively. The dashed lines (---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2. viscosity using the Rouse time from Eq. 8 in some cases is only about 1/3 of the measured values.
Constant interchain pressure
The model by Wagner is not the only one based on interchain pressure. In the model by Rasmussen and Huang (--) and are the corresponding predictions to the data from Eq. 6 using the Rouse time in Eqs. 8 and 10, respectively. The dashed lines ( ---) are the corresponding predictions to the data from Eq. 11. The dotted line (· · · ) is the linear viscoelastic predictions based on the parameters listed in Table 1 using Eq. 2 (2014a), which was particularly made for oligomer-diluted systems, the stretch evolution was assumed to be controlled by a constant interchain pressure. It was suggested as a consequence of thermal interchain pressure from the randomly configured oligomer Kuhn chains. It was derived in Rasmussen and Huang (2014a) where the relation between the following formula and the basic polymer physics can be found in details.
Here, the presented stretch evolution also includes the effect of the maximum extensibility of polymer chains. The maximal extensibility is represented by the number of Kuhn steps in-between entanglements, N K /Z. N K = M/M K is the number of Kuhn steps in the long polymer chain. For polystyrenes, the molecular weight of one Kuhn step, M K , is 0.6 kg/mol (Fang et al. 2000) which is expected to be independent of concentration. In Rasmussen and Huang (2014a) , the transition to a maximum extensibility was based on the relative Padé (Cohen 1991) inverse Langevin function (Ye and Sridhar 2005) as
where λ 2 max = N K /Z. This model is in line with the classical idea that the transition to steady extensional flow should be related to the maximal extensibility of the polymer: with increasing dilution, the polymer could be stretched more. The model by Wagner (2014) differs. The steady state of the extensional viscosity is not linked to the maximal extensibility but a consequence of the increased thermal interchain pressure on the tube, due to the stretching of the long polymer chains. Here, the transition to the steady viscosity for solutions is controlled by the value of a T g . As mentioned before, a T g is a correction factor accounting for the lowering of glass transition temperatures in solutions compared with pure melts.
For the most diluted case, the 17% 910 kg/mole NMMD polystyrene, the square of the maximal extensibility increases a factor of about 6 compared to the pure melt. Looking at the extensional viscosity in Fig. 10 , the dashed lines representing the constant interchain pressure model (11) capture this transition. This has similarly been observed for entangled bidisperse polystyrene systems, in the case where the short polymers were in a random state and the concentration of the large polymers was down to 4% (Rasmussen 2015) . The dashed (---) lines in all the referred figures are the predictions using Eq. 11 with the Rouse time from Eq. 10. Considering the intermediate concentrations of the long polymer, i.e. the 28% 545 kg/mole, the 33% 910 kg/mole and 52.5% 545 kg/mole NMMD polystyrenes, in Figs. 8, 9 and 7, respectively, both the time-dependent viscosity and the steady values are predicted accurately. For those in the transition toward the undiluted polystyrene melt, represented by the measurements of the extensional viscosity of the 70% 545 kg/mole and 90% 545 kg/mole NMMD polystyrenes in Figs. 6 and 5, respectively, agreement between the constant interchain pressure model (11) and the measured data is still observed, but not as good as the lower concentrations. Finally, by comparing the model with the extensional viscosity of the undiluted 545 kg/mole sample, it is clear that Eq. 11 is unable to predict the flow dynamics of NMMD polystyrene melts.
Discussion and conclusion
We have here performed extensional measurements on oligomer-diluted NMMD polystyrene solutions at a wide range of concentration from 90 down to 17%, and also looked into the transition from the pure melt state to the diluted state. We have shown agreement between the measurements and the model by Wagner (2014) using the Rouse time as calculated in Rasmussen and Huang (2014a) . Further, in all the diluted cases, a constant interchain pressure assumption with maximum extensibility controlled by the number of Kuhn steps in-between entanglements (Rasmussen and Huang 2014a) also shows agreement with the measured data.
Considering extensional viscosities of monodisperse melts, the model by Wagner (2014) , based on the dynamic tube dilation idea, has not been applied to other systems than polystyrene yet. Masubuchi et al. (2014) theoretically looked into the extensional viscosities some of monodisperse melts considering monomeric friction reduction. Their model (Masubuchi et al. 2014 ) was able to predict the (steady) extensional viscosity of the polyisoprene from Sridhar et al. (2014b) within the same framework as for the polystyrenes, whereas it was not possible to capture the behaviour of the NMMD poly(n-butyl acrylate) melt (Sridhar et al. 2014b ). However, the constant interchain pressure model (Rasmussen and Huang 2014a) , which was never intended for NMMD melts, was surprisingly able to predict the extensional viscosity of the NMMD polyisoprenes (Rasmussen 2016 ) measured by Nielsen et al. (2009) and Liu et al. (2013) and also the NMMD poly(n-butyl acrylate) melt (Rasmussen and Huang 2016) measured in extension by Sridhar et al. (2014b) .
